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Plan

One-shot techniques in neural architecture search (NAS) :
▶ NAS optimization problem
▶ one shot methods

FoGrow vs two others one shot techniques :
▶ FoGrow a gradient-based and first order approximation method
▶ GradMax (how to train faster a network ?)
▶ NORTH (how to expand the functional space of the network ?)
▶ comparison on CIFAR100

Move away from first order approximation
▶ amplitude factor
▶ theoretical advantages
▶ experiments
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Plan : Part I

One shot techniques in NAS :
▶ NAS optimization problem
▶ one shot techniques
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NAS : the optimization problem
Consider a task T and a corresponding dataset X . Let A a set of
architecture and L a loss function, we would like to solve :

argmin
a(.)∈A, w∈Rd(a)

Ltrain(a(w))

↙ ↘

⇐⇒ argmin
a∈A

Ltrain(a(w ∗)) s.t. w ∗ := argmin
w

Ltrain(a(w))

NAS Optimization problem

argmin
a∈A

Lval(a(w ∗)) s.t. w ∗ := argmin
w

Ltrain(a(w)) (1)
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NAS : a two-steps optimization procedure

Figure 1: Optimization of a network architecture with the decoupling between the search into the
space of architecture A and the space of parameters Rd(a).
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One-Shot methods

Figure 2: Graph of operation of NAS methods from [1]. A set of possible architectures A is
chosen. A starting architecture a is drawn from A to encode a neural network N . The
performance of N is then evaluated and is processed by the search strategy, which might draw
another architecture a from A.
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categories of one-shot methods ([1], [10])
With an hypernetwork
A hypernetwork is a network that generates the weights of another
network ([2]).

The strategies with a supernetwork
A supernetwork is a large network that contains all the architectures of
the search space A. Each architecture of A is a sub-graph of the
supernet. The strategy consists of selecting the appropriate sub-graph
of the supernetwork ([3], [4]).

gradient-based
A gradient-based method searches in A using the back-products of the
standard backpropagation (gradient estimation method to update
network parameters) ([5]–[9]).
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Convolutional Neural Fabrics : a supernetwork

Figure 3: Supernetwork from [3].
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Plan : Part II

FoGrow vs two other one shot techniques :
▶ FoGrow a gradient-based and first order approximation method
▶ GradMax (how to train faster a network ?)
▶ NORTH (how to expand the functional space of the network ?)
▶ comparison on CIFAR100
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Notations

D := {xi , yi}Ni=1, A, fA(θ) := fθ, L : Rd 7→ R+

b0 = x , bL = fθ

Figure 4: Notations.
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FoGrow : a gradient-based method

FoGrow

T al
A :=

{
∂al

∂θ
δθ

∣∣∣∣ s.t. δθ ∈ ΘA

}
v∇

l := −∇alL(fθ)

Figure 5: Expressivity bottleneck.

Ψl := min
v l∈T al

A

Ex∼D

[∥∥v l(x)− v l
∇(x)

∥∥2
]

= min
δθ

Ex∼D

[∥∥v l(x , δθ)− v l
∇(x)

∥∥2
]
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FoGrow : a gradient-based method

FoGrow

T al
A :=

{
∂al

∂θ
δθ

∣∣∣∣ s.t. δθ ∈ ΘA

}
v∇

l := −∇alL(fθ)

Figure 5: Expressivity bottleneck.

Ψl := min
v l∈T al

A

n∑
i=1

∥∥v l(xi)− v l
∇(xi)

∥∥2

= min
δθ

1
n

∥∥V l(X , δθ)−V l
∇(X )

∥∥2
Tr
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Updating the current architecture

Ψl := min
v l∈T al

A

n∑
i=1

∥∥v l(xi)− v l
∇(xi)

∥∥2

Figure 6: Approximating the expressivity bottleneck by modifying the parameters at layer l .
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Adding neurons

Figure 7: Adding one neuron to layer l in cyan, with connections in cyan. Here, α ∈ R5 and
ω ∈ R3.
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The optimization problems

δW ∗ = argmin
δW

1
n
∥V (δW )−V∇∥2Tr (2)

A∗,Ω∗ = argmin
K , rk(ΩAT )=K

1
n
∥V ((A,Ω))−V⊥∥2Tr (3)

Figure 8: Notations
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The optimization problems

δW ∗ = argmin
δW

1
n
∥δWB−1 −V∇∥2Tr (2)

A∗,Ω∗ = argmin
K , rk(ΩAT )=K

1
n

∥∥ΩATB−2 −V⊥
∥∥2
Tr

(3)

Figure 8: Notations
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The optimization problems

δW ∗ = argmin
δW

1
n
∥δWB−1 −V∇∥2Tr (2)

A∗,Ω∗ = argmin
K , rk(ΩAT )=K

1
n

∥∥ΩATB−2 −V⊥
∥∥2
Tr

(3)

Best Update and new neurons
Considering a batch of size n to construct the post activation and the
desired update matrices, then for any depth l and z ∈ {1, 2}, noting
B−z := Bl−z ,V∇ := V l

∇, taking K = rank(V⊥BT
−2), then :

δW ∗ = V∇BT
−1(B−1BT

−1)
+ (4)

Ω∗A∗T = V⊥BT
−2(B−2BT

−2)
+ (5)
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Best update and new neurons formulas

Best Update and new neurons
Considering a batch of size n to construct the post activation and the
desired update matrices, then for any depth l and z ∈ {1, 2}, noting
B−z := Bl−z ,V∇ := V l

∇, ... and S−z :=
1
n
B−zBT

−z , then

δW ∗ = V∇BT
−1(B−1BT

−1)
+ (6)(

Ω∗A∗T
)
|K

=
(
V⊥BT

−2(B−2BT
−2)

− 1
2

)
|K

S− 1
2

−2 (7)
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Best update vs new neurons formulas

Best Update and new neurons

Considering a batch of size n to construct the post activation and the
desired update matrices, then for any depth l and z ∈ {1, 2}, noting
B−z := Bl−z ,V∇ := V l

∇, ... and S−z :=
1
n
B−zBT

−z , taking
K = rank(V∇projBT

−2), then :

δW ∗ = V∇BT
−1(B−1BT

−1)
+

Ω∗A∗T = V⊥BT
−2(B−2BT

−2)
− 1

2

= 1
n
B−2BT

−2

S− 1
2

−2
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Best update and new neurons formulas

Best Update and new neurons
Considering a batch of size n to construct the post activation and the
desired update matrices, then for any depth l and z ∈ {1, 2}, noting
B−z := Bl−z ,V∇ := V l

∇, taking K = rank(V∇projBT
−2), then :

δW ∗ = V∇BT
−1(B−1BT

−1)
+ (8)

Ω∗A∗T = V⊥BT
−2(B−2BT

−2)
+ (9)
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Similar new neurons initialization methods

GradMax ([5]) & NORTH ([6])

hidden 
layers

Figure 8: Thin feed forward network with two hidden layers.
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GradMax & NORTH

Figure 9: left : GradMax initialization; right : NORTH initialization
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GradMax initialization philosophy

objective : Accelerate the training of a network.

Updating the network parameters with δθ :

Lt+1 = Lt + ⟨∇θL, δθ⟩+ o(∥δθ∥)

Choosing the gradient direction, i.e. δθ = −η∇θL :

Lt+1 = Lt − η ∥∇θL∥2 + o(η)

Idea : Maximizing the gradient according to the new parameters.
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GradMax trick

Figure 10: GradMax new neurons initialization.

Lt+1 ≈ Lt + ⟨∇θL, δθ⟩+ ⟨∇ΩL,
−∇ΩL︷︸︸︷
δΩ ⟩+ ⟨∇AL,

−∇AA︷︸︸︷
δA ⟩

Lt+1 ≈ Lt − ∥∇θL∥2 − (�����∥∇ΩL∥2 +

quadratic in Ω︷ ︸︸ ︷
∥∇AL∥2 )
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GradMax initialization

GradMax initialization :

Ω∗ := argmax
Ω

∥∇AL∥2 s.t. ∥Ω∥2 ≤ c (10)

= argmax
Ω
∥

:=N︷ ︸︸ ︷
B−2V∇

T Ω∥2 s.t. ∥Ω∥2 ≤ c (11)

FoGrow initialization :
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GradMax initialization

GradMax initialization :

Ω∗ := argmax
Ω

∥NΩ∥2 s.t. ∥Ω∥2 ≤ c (10)

FoGrow initialization :
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GradMax initialization

GradMax initialization :

Ω∗ := argmax
Ω

∥NΩ∥2 s.t. ∥Ω∥2 ≤ c (10)

FoGrow initialization :

A∗Ω∗T = (

S︷ ︸︸ ︷
B−2BT

−2)
+

:=N⊥︷ ︸︸ ︷
B−2V⊥

T

∃c̃ Ω∗ := argmax
Ω

∥∥∥S− 1
2N⊥Ω

∥∥∥2
s.t. ∥Ω∥ ≤ c̃
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GradMax initialization

GradMax initialization :

Ω∗ := argmax
Ω

∥NΩ∥2 s.t. ∥Ω∥2 ≤ c (10)

FoGrow initialization :

∃c̃ Ω∗ := argmax
Ω

∥∥∥S− 1
2N⊥Ω

∥∥∥2
s.t. ∥Ω∥ ≤ c̃ (11)
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From FoGrow to GradMax
First order development of the loss :

L(fθ⊕(A,Ω)) :=
1
n

∑
i

ℓ(fθ(xi))

= L(fθ)−
1
n
⟨V ,V∇⟩Tr + o(

1
n
∥V ∥)

The expressivity bottleneck :

Ψ = min
δθ

1
n
∥V (X , (A,Ω))−V⊥(X )∥2Tr

Proposition
∀D ∈ Rp,q,B ∈ Rk,q,

∃c̃ ∈ R s.t, argmin
H

∥D −HB∥2 = argmax
H, ∥HB∥2≤c̃

⟨D,HB⟩
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GradMax vs FoGrow

GradMax FoGrow
argmaxΩ ∥∇AL(fθ)∥2 s.t. ∥Ω∥ ≤ c argmaxA,Ω

〈
AΩT ,N⊥

〉
s.t.

∥∥ΩATB
∥∥2 ≤ c

=⇒ =⇒

argmaxΩ ∥N∇Ω∥2 s.t. ∥Ω∥2 ≤ c argmaxΩ

∥∥∥S− 1
2 N⊥Ω

∥∥∥2
s.t. ∥Ω∥ ≤ c̃

Table 1: Optimization problems defining the fan-out weights of the new neurons for GradMax
method (left) and FoGrow method (right).
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GradMax & NORTH

Figure 11: left : GradMax initialization; right : NORTH initialization
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NORTH (1): Weight-based

Figure 12: Notation NORTH, zoom.

α ∈ {w1,w2,w3}⊥
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NORTH (2) :activation-based

Figure 13: Notation NORTH, zoom.

v(.,α) ∈ {a1
−1(.), va2

−1(.), a
3
−1(.)}⊥

αact = S+Bl−2VKer(Al−1)r with r ∼ N (0, I ) (12)

frugal AI / Kipouss NAS with Tangent Space February 2025 27 / 39



NORTH vs FoGrow

NORTH FoGrow

S+Bl−2

V⊥
T︷ ︸︸ ︷

PKer(Bl−1) V∇
T [:, i ]S+Bl−2VKer(Al−1)r , r ∼ N (0, I )

Table 2: Fan-in weights initialization for NORTH method (left) and FoGrow method (right).
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Conclusion : Initialization differences

Input weights A :

NORTH FoGrow
S+Bl−2VKer(Al−1)r , r ∼ N (0, I ) S+Bl−2 PKer(Bl−1) V∇

T [:, i ]

Table 3: Fan-in weights initialization for NORTH method (left) and FoGrow method (right).

Output weights Ω :

GradMax FoGrow

argmaxΩ ∥N∇Ω∥2 s.t. ∥Ω∥2 ≤ c argmaxΩ

∥∥∥S− 1
2 N⊥Ω

∥∥∥2
s.t. ∥Ω∥ ≤ c̃

Table 4: Optimization problems defining the fan-out weights of the new neurons for GradMax
method (left) and FoGrow method (right).
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Plan : Part III

Move away from first order approximation
▶ amplitude factor
▶ theoretical advantages
▶ experiments
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The amplitude factor (go faster !)

The amplitude factor γ
A new neuron with input and output weights α,ω is multiplied by the
amplitude factor γ with the operation γ(α,ω) as :

(α,ω)← (
√
γα,
√
γω). (13)

For an input x , then :

v(x , (α,ω)) =
√
γωσ(

√
γαTb−2(x)).

And for an input x , if ∥γ∥ ≪ 1, then :

v(x , (α,ω)) = O(∥γ∥).
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The best amplitude factor (go faster !)

The best amplitude factor γ∗

For a batch Xγ, we can compute the best amplitude factor γ∗ as :

γ∗ := argmin
γ∈[0,u]

∑
xi∈Xγ

L(fθ⊕γ(A,Ω))(xi), yi)

For large γ∗ :

((((((((((((((((((((((((

L(fθ⊕γ(A,Ω)) = L(fθ)− γ∗ 1
n
⟨V ,V∇⟩Tr + o(γ∗)
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GradMax & NORTH : no impact

Figure 14: right : GradMax initialization; left : NORTH initialization
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The amplitude factor for the strategy

Where to first add neurons ?

Using first order information, i.e. γ ≪ 1 :

L(fθ⊕γ(A,Ω)) = L(fθ)−
1
n

〈
V l ,V l

∇
〉
Tr
+ o(

1
n
∥V ∥) (14)

l∗ := argmax
l

〈
V l ,V l

∇
〉
Tr

(15)
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The amplitude factor for the strategy

Where to first add neurons ?

Using first order information, i.e. γ ≪ 1 :

L(fθ⊕γ(A,Ω)) = L(fθ)−
1
n

〈
V l ,V l

∇
〉
Tr
+ o(

1
n
∥V ∥) (14)

l∗ := argmax
l

〈
V l ,V l

∇
〉
Tr

(15)

Consider this scalar product at layer l and l + 1 :〈
V l ,V∇

l
〉

and
〈
V l+1,V∇

l+1〉 (16)

=
〈
KV l ,V∇

l+1〉 (17)

where K (x) :=
(

∂σ(u)
∂u |u=Wal (x)

Wl

)T

.
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The amplitude factor for the strategy

Where to first add neurons ?

Using first order information, i.e. γ ≪ 1 :

L(fθ⊕γ(A,Ω)) = L(fθ)−
1
n

〈
V l ,V l

∇
〉
Tr
+ o(

1
n
∥V ∥) (14)

l∗ := argmax
l

〈
V l ,V l

∇
〉
Tr

(15)

Using non-linear information :

∆l := L(fθ⊕γ∗(A,Ω))− L(fθ) (16)
l := argmax

l
∆l (17)
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Experiment : Algorithm (1)

Algorithm 1: Grow a network with the strategy s
Data: s = Strategy
Result: Neural Network N
Initialize a two linear layers network with one neuron per layer;
for t in [1, ...,T ] do

depth = s(t);
Compute the first neuron α1, ω1 of at depth;
Compute the amplitude factor γ∗ for this new neuron;
Multiply the neuron with its amplitude factor;
Add it to the architecture;
Evaluate the performances of the network;
for d in [1, 2, 3] do

Compute the best update at layer d and its amplitude factor;
Multiply the best update with its amplitude factor;
Update the architecture with this best update;
Evaluate the performances of the network;

end
end
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Experiment : Algorithm (2)
Algorithm 2: Select depth to grow the network
Data: s = Strategy, t = iteration
Result: depth where to add a neuron
if s = Naive then

depth = np.mod(t, 2) + 1;
else if s = MaxEigenValue then

for d in [1, 2] do
Compute the first neuron α1, ω1 at d ;
Compute the first order information λd

1 = ⟨V ,V⊥⟩ at d ;
end
depth = argmaxd=1,2{λd

1};
else if s = AmplitudeFactor then

for d in [1, 2] do
Compute the first neuron α1, ω1 at d ;
Compute the amplitude factor γ∗ for this new neuron;
Evaluate the decrease of loss ∆d if the architecture is expanded with
(
√
γ∗α1,

√
γ∗ω1)

end
depth = argmaxd=1,2{∆d};

return depth;
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Experiment : Figure
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Figure 15: Accuracy and number of parameters of growing networks with different addition
strategies for x ∼ N (0, I50) and y = argmaxk=1,...,10

{
sin(k

∑50
j=1 x [j]

}
.
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Conclusion : Amplitude factor

Accelerate training.
Better compare the impact of the new neurons on the loss.
More resource demanding (fast convergence ?).
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Thank you
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