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NAS : the optimization problem

Consider a task 7 and a corresponding dataset X'. Let A a set of
architecture and £ a loss function, we would like to solve :

argmin - Lyqin(A(0)) (1)
AeA\, geRrd(A)

/%\

< argmin Ly in(A(0%)) s.t. 0" :=argmin L4, (A(0))
AcA 0

NAS Optimization problem

argmin L,q(A(0%))  s.t. 6" :=argmin Ly (A0))  (2)
AcA 9
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NAS : a two-steps optimization procedure
A

acc

acc
Figu re: Optimization of a network architecture with the decoupling between the search into
the space of architecture A and the space of parameters R4(A).
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NAS : the search strategy

Probabilistic techniques

Search = Evaluation

One-shot techniques

—_———

Architecture Opti-

——
. J/
Parameters - — -
mization Optimiza- Joint optimization of the archi-
tion
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arg min Lirain (-’4(0*))
AeA

s.t.

0" := argmin Ly,q4in(A(0))
0
NS
arg min

Ach, 9crIA)

Etrain(A(e))

«O>» «“Fr «Er» «E>» = HA



NAS : categories of one-shot techniques

Supernetwork

Gradient-based

A gradient-based method searches in A using the back-products of
the standard backpropagation (gradient estimation method to update
network parameters) (Evci et al. [2022], Dai et al. [2019], Wu et al.
[2020], Verbockhaven et al. [2024]).
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GradMax

Examples of gradient-based methods

W

Firefly
Wi S|

Figure: Adding one neuron (red) to a

layer (pink) as in paper Evci et al. [2022]

. ’
Figure: Dividing one neuron into two
neurons (v) as in paper Wu et al. [2020]
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Orient the search

o Probabilistic techniques &
One-Shot methods

— optimization in A and 6
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The expressivity metrics

Expressivity

-

) — eval( )

Search Space A Search Strategy

Performance

Estimation
Strategy

argmin L, (A(0%)) s.t.
AeA

M. Verbockhaven (Université Paris-Saclay)
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The expressivity metrics

Expressivity

FExpress

Figure: Adding one neuron (red) to a layer (pink) as in papers of Maile et al. [2022]
M. Verbockhaven (Université Paris-Saclay)
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The expressivity metrics

Expressivity

-

easy to compute | specific to the task T
VC-dimension X X
Rademacher Complexity X
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o The best parameter move and the best neurons to add
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the problem statement

We would like to solve :

arg min

With the use of :
Etrain(A(e))
AcA, gerIA

Ea;press(

o Jointly optimize the
architecture and its
parametrization.

o Easy to compute.

o Provides guidance in A
without redundancy.
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Intuition

Notations
o Dataset D := {(x;, ;) }Y, iid
o Neural Network fy := A(0) argmin = Lirain(fo)

) d(A)
o Loss function £ Ach, oer
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Intuition

Notations
o Dataset D := {(x;, y;) Y, iid

o Neural Network fy := A(0) argmin - Lyqin(fo)
o Loss function £ AcA, geraD

Minimize £ : U — R* on (U, (.. )+) with

W = = VL)
W Where V! L(u) verifies :

L(u+bu) = L(u) + (VLL(u), 5u), + o([|5ull,)
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Intuition

Notations
o Dataset D := {(=;, y;)} Y, iid
o Neural Network fy := A(0) argmin - Lirain(fo)

. A gerdA)
o Loss function £ A, (IS

Minimize £: © — R on (O, (.,. )rs) with
0" = 0" — V" L(0) =t

Where V" L(0) verifies :

L(0+60) = L(0) + (Vy L(6),06),, + o(|66] )
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Intuition .0

Notations
o Dataset D := {(=;, y;)} Y, iid
o Neural Network fy := A(0) argmin  Lyrain(fo)

; d(A)
o Loss function £ AcA ger

Minimize £ : F — R" on (F, (.. ),) with

ft+1 _ ft —UVJLcZE(f)\fzft

Where foﬁ(f) verifies :

L(f+6f) = L)+ (VL) 0f), +o(llofll,
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The expressivity bottleneck

Objects
o Architecture space : © 4
o Fa={fo]0€0Ou} fom
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The expressivity bottleneck

Objects

o Architecture space : O 4
o F4u ZZ‘{jb ‘ 0 e (),4}

o 7;{9 Tangent space in fy, ie
{9 56 | s.t. 60 € ©}
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The expressivity bottleneck

Objects
o Architecture space : © 4
0 Fu = {j% | RS ()¢4}

o Tf" Tangent space in fy, ie
{61‘0 60 | s.t. 50 € ©}

I'O:I:‘TA (’UV )
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VETH

min E ) [ lvw (x) — 'v(a:)||2]

CAY

expressivity

bottleneck

TA(DV)
«O>» «(Fr «Z»r «E» E A
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Definition (Feed-forward network)

We note fy : RP — R? a feed-forward network with L hidden layers.
Formally 6 := (W}),—1..1, and the function fy iteratively computes :

b1
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The expressivity bottleneck at layer [ .0

Expressivity Bottleneck at [

VET A

min By [ |[vh () — v!(x)|]

1
wim min Lo v

VV = (’UV (Cl?l)

M. Verbockhaven (Université Paris-Saclay)

The Expressivity Bottleneck



Updating the current architecture

: 2
OW™ :=arg min
W

1 .
L - viow)|

at layer {.

Figure: Approximating the expressivity bottleneck by modifying the parameters
M. Verbockhaven (Université Paris-Saclay)
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Adding neurons .0

Ve —viwH)

=

1

A" QK" :=argmin — HVJ - ViA, Q)
AQK T

I

a(z)

b1 (x) [l added structure

w € R3.

. init structure
Figure: Adding one neuron to layer I in cyan, with connections in cyan. Here, o € R® and
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M. Verbockhaven (Université Paris-Saclay)

The optimization problems

1
W™ = argmin — | Vg — V(5W)||”2rr
sw n
A*7Q*,K*

. 1
argmin  — |[V. — V((A,Q))|3,
K, rk(QAT)=K T

)

fgf/&&

Ju=
LI

a(x)
b*1<x) .added structure
. init structure
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M. Verbockhaven (Université Paris-Saclay)

The optimization problems

1
W™ = argmin — | Vg — 5WB—1||2Tr
swoo N
14-*7 Q*,K*

1
argmin  — ||VL - QATB_
K, rk(QAT)=K TV

2
2”1&«

%

b_s(x)

a(x)
b*1<'/L,) .added structure
. init structure

The Expressivity Bottleneck

[m]

=

23 /55



The optimization problems

1 N
IW™* = arg min— Ve — OWB*1||2T1"

A" Q" K* = argmin —}|‘Q—QATB ZHT
K, rk(QAT)=K

Best Update and new neurons
The optimal solution is K* = rank(V.BZ,) and :

SW* =VyB™,(B_,B)*
QA" = viBY,(B_,BT,)*
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The new neurons

o

b_o(x) l a(x)

New neurons
The optimal solution is K* = rank(V.BZ,) and

oA’ = viBY,(B_,BY,)"
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The new neurons

K

b_o(x) l a(x)

New neurons

Noting S := tB_,BT, N, := %B_2VLT, the optimal solution is
K* = rank(IN,) and :

QA" = NIS*
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The new neurons

K

b_o(s I a(x
2(x) N (x)

14*7 Q* — argmin l H‘/J‘ —_ QATB_QHi‘r
rk(QAT)=K T

Theorem
Imposing K < rank(IN ), then the optimal solution is :

(2AxT) = (NTS3) S

|Approx rk(K)
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b_o(@) l

K

a(x)

Theorem

the expressivity bottleneck decrease

If the new neurons are initialised as previously, then noting
. o 1

A1 > ... > A the K first eigenvalues of N7 S™2, then

!
\Ija@efi

K

_l 2

»*—‘1’9—5 Ak
k=1
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Similar new neurons initialization methods

GradMax (Evci et al. [2022]) & NORTH (Maile et al. [2022])

8
.

—~—

fo(z)

Figure: Thin feed forward network with two hidden layers.
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GradMax & NORTH

‘.{T

a

e
N
&

. added structure

. init structure
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GradMax initialization philosophy

objective : Accelerate the training of a network.
Updating the network parameters with 06 :
L= L4 (VoL 50) + o(]|00]))
Choosing the gradient direction, i.e. 660 = —nVyL :
L = L' = | VoLl + o(n)

Idea : Maximizing the gradient according to the new parameters.
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GradMax trick

. added structure

. init structure

Figure: GradMax new neurons initialization
O
£t+1 ~ [t HV ,CH2

quadratlc in Q
M. Verbockhaven (Université Paris-Saclay)
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GradMax vs TINY

S — EB*QBIQ
1

N, = -B_,v.*
n
1

Ny := —~B_, Vo'
n

GradMax TINY
argmaxg, [|[VaL(fo)||” st. Q) <c argmax 4 o (AQT, N, ) st [QATB|” <c

! !

arg maxgq, | NvQ||” st. Q]2 < c arg maxg, ||NLQ||Z_1 st. | <é

=] F = = £ DA
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GradMax & NORTH

0'
K

a_q(x) w

b_o(x) b_y(x)

.added structure
Figure: left : GradMax initialization; right

. init structure

NORTH initialization
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NORTH : activation-based

o-).

I . v(., o) € {a
a_(x)

1\
b_o(x)

(.),a%, (), @’ ()}
b_q(z)
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1
S:= -B_,B%,
NORTH TINY
wT
—_——
S+B—2VKer(A,1)"'7 r~ N(Ov I) S+B—2PKer(B,1) VVT’Ui

«O>» «F>r «=» «=>» E A



Conclusion :

Input weights A :

Initialization differences

NORTH TINY

Init. | STB_oViea yr. 7 ~N(0,1) | STByProi ) Vo' vi
Ortho. v v
Grad. X v

Output weights €2 :
GradMax TINY
Init. | argmaxq o2, [NvQ|” | argmaxg q<z [NV Q|]?
Ortho. X v
Grad. v v
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Comparaison on CIFAR-100

** starting architecture : 1/4** ** starting architecture : 1/64**
038 08
- TINY
071 mmm GradMax 0.7+
= 0.6 0.6 1
2
= 05 0.5
>
® 04+ 0.4 4
5
S 034 0.3
<
0.2 4 0.2 4
0.14 0.1
0.0 0.0
0.4 0.6 0.8 10 12 02 0.4 0.6 0.8 10 12
nbr parameters le7 nbr parameters le7

Figure: Test accuracy as a function of the number of parameters during architecture growth
from ResNets to ResNet18; 4 runs are performed for each setting.

u}
8
I
i
it
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The amplitude factor (go faster !)

The amplitude factor ~

A new neuron with input and output weights o, w is multiplied by
the amplitude factor  with the operation v(c, w) as :

(o, w) — (Ve v/w).

For an input @, then :

v(@, (o, w)) = Awa(yFab_y(@)).

And for an input , if ||v|| < 1, then :

v(z, (o, w)) = O([|l7]))-
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The best amplitude factor (go faster !)

The best amplitude factor v*

For a batch X, we can compute the best W
amplitude factor v* as : \x

~* ;= arg min Z C(fe@v(A,Q))(mi)ayi) \

VE[O:U] QSiEX»y

For large v* :

L(foar-a,0) = L(f
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GradMax & NORTH

no impact

.added structure
. init structure
Figure: right : GradMax initialization; left : NORTH initialization

M. Verbockhaven (Université Paris-Saclay)
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The amplitude factor for the strategy

Where to first add neurons ?
Using first order information, i.e. v < 1:
._ l
[* := argmax \;

l
Using non-linear information :

Ar = L(fo) — L(foer(aa)

[ := argmax 4\,
!
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Experiment : Algorithm (2)

Algorithm 1: Grow a network with the strategy s

Data: AddStrat = depth selection strategy
Result: Neural Network N
Initialize a thin network with few neurons per layer;
for ¢ in[1,...,T] do )
depth = AddStrat(t);
Compute the first neuron a1,w; of at depth,;
Compute the amplitude factor v* for this new neuron; Grow
Multiply the neuron with its amplitude factor;
Add it to the architecture;
Evaluate the performances of the network;
for d in [1, ..., deep] do )
Compute the best update at layer d and its amplitude factor;
Multiply the best update with its amplitude factor; .
Update the architecture with this best update; Train
Evaluate the performances of the network;

end

end
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Experiment : Algorithm (2)

Algorithm 2: Select depth to grow the network

Data: s = Strategy, ¢t = iteration
Result: depth where to add a neuron
if s = Naive then
‘ depth = np.mod(t,deep) + 1;
else if s = MaxEigenValue then
for d in [1, ..., deep] do
Compute the first neuron a1,w; at d;
Compute the first order information A\¢ = (V, V) at d;
end
depth = arg maxd:l,m,deep{A(li};
else if s = AmplitudeFactor then
for d in [1, ..., depth] do
Compute the first neuron a1, w; at d;
Compute the amplitude factor v* for this new neuron;
Evaluate the decrease of loss Ay if the architecture is expanded with
(Va1 vVyFwi)
end
depth = arg Inaxd:l,m,defzp{Ad};
return depth;

M. Verbockhaven (Université Paris-Saclay) The Expressivity Bottleneck
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Experiment (2)

1.0 7000
o
08 E 6000 -
-8 T
5000 1
g £
g 0.6 4 g 4000 -
3 5 1
g 5 3000
0.4 1 2 4
—— Amplitude Factor g 2000 —— Amplitude Factor
—— Eigenvalues < 10004 —— Eigenvalues
0.2 — Naive — Naive
T T T T T 01y T T T T
0 200 400 600 800 0 200 400 600 800
steps steps
1.0 1 —— Amplitude Factor
—— Eigenvalues
08— Naive
>
8
£ o064
S
<
0.4
0.2

[ 1000 2000 3000 4000 5000 6000
number of parameters

Figure: Accuracy and number of parameters of growing networks with different addition

strategies for & ~ N(0, Iso) and y = argmax;_; 19 {sin(k: 235-021 m[]}}
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Conclusion

o The expressivity bottleneck to update the parameters and
initialize the new neurons

o First order information to select the new neurons at a given layer

o Formal comparison between TINY, GradMax and NORTH

o The amplitude factor to select the depth at which neurons
should be added first and build a strategy across layers.

Open-source TINYpub, statistical significance of the estimators, MNIST,
CIFAR10

Growing Tiny Networks:
Spotting Expressivity Bottlenecks and Fixing Them Optimally Verbockhaven
et al. [2024]
Growth strategies for arbitrary DAG neural architectures Douka et al. [2025]
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Neural Architecture Search

Suppose that God’s apprentices would like to have a personal chef
and decide to create it. To do so, they need to assemble parts of the
human body into a human puppet, which will be trained to cook.
Considering all possible layouts of the body sections, they try a first
idea and place the hands on top of the head. After several hours of
training, they observe, quite embarrassed, that their puppet is
incapable of cooking the simplest recipes. One apprentice suggests
that this failure might be linked to the puppet’s inability to see its
actions while using its hands. Considering this remark, they decide to
revise the joining of the puppet and restart the training...

Replace the action assemble the parts of the human
body by construct the architecture of a neural network,
and the apprentices become a computer program of
some researchers in the NAS field.

4k
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Indicators
Method o o T B Dataset
DARTS X 3.3¢6 | 1.0+ 2.5 | 97.0+0.1
X 3.3¢6 | 4+2.5 | 97.8+0.1 SRS
X 4.7e6 4 73.3 ImageNet
Firefly Ae6 | 1.4e7 ~1°7? ~ 94 CIFAR-10
¢ e x | 5.8¢5 X ~ 71 | CIFAR-100
le6 9¢6 X 84.4+0.4
GradMax | 1e5 | 4eB X 91101 | CIFAR-10
of [ve|?| | Led | 4ed X 66.8+0.2 | CIFAR-100
le6 | 4.2e6 X 68.6-0.2 | ImageNet
le6 | 3e7 3.3 ~ 76.2
NORTH
3¢d | 3¢5 0.4 ~ 825 | CIFAR-10
- le6 | 3e7 1.6 ~ 55.2 | CIFAR-100

Figure: T : GPU days, P : accuracy on test (%) by-hand mean on all tested strategy, see

figure 4 of paper Maile et al. [2022] for more precise results.
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NAS : the search space

Search Space A

A := {macro(micro) | micro € S, macro € 5’}

A layer, noted l is of the form
x— oc(We)

(3)

Figure: Example of a chain-structured
architecture.
M. Verbockhaven (Université Paris-Saclay)
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NAS : the search space

A := {macro(micro) | micro € S, macro € S’}

(3)

sition of layers.

Figure: Example of a cell-based
architecture.
'M. Verbockhaven (Université Paris-Saclay)

A cell, noted [}, is a compo-
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Definition
o The dataset D := {x;, y; }I,
o the neural network or predictor f

o the class of functions C := {f with architecture A}
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Expr. & Compl.

C:={fforfeF}

The Vapnik—Chervonenkis
(VC) dimension

TN

Figure: Example of VC-dimension when F
is the class of linear separator in a
two-dimensional plane.

M. Verbockhaven (Université Paris-Saclay)

: noise fitting

and f(x) € {a,b}

Rademacher complexity

Let o ~ B(3), then :

o [ 12, s o™ (0|2

fec
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Expr. & Compl. : minimization criterion

the Information Bottleneck the Kolmogorov

Complexity

011000...11

N

TV -
shortest binary program gener-
ating fp
H(x) the Shannon entropy, then I(x;&) := H(x) — H(z|Z).

=] F
M. Verbockhaven (Université Paris-Saclay) The Expressivity Bottleneck
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M. Verbockhaven (Université Paris-Saclay) The Expressivity Bottleneck

From TINY to GradMax

First order development of the loss :

(fé)ea AQ Zf fa CIZZ

1 1
= £(f9) = AV, Vedg, + ol V]
The expressivity bottleneck :

1 2
U = min — IV((A,Q)) - Vi,
Proposition
VD € RP4, B € RM4,

3¢eR st, argmin |[D— HB|’= argmax (D, HB)
H H, ||HB|*<¢
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GradMax initialization

1

S — *B_QB_Q
n
1

N, :=-B.,vi*
n
1

Ny := —B_, V!
n

GradMax initialization :
Q.= argmax | NoQ|>  s.t.
Q
TINY initialization :

3 Q= argmax ||N, Q|5
Q

M. Verbockhaven (Université Paris-Saclay) The Expressivity Bottleneck
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Experiment : Algorithm (1)

Algorithm 3: Grow a network with /nitStrat.

Data: InitStrat = Initialization strategy
Result: Neural Network N
Initialize a thin network with few neurons per layer;
fortin[1,...,T] do
depth = np.mod(t,deep) + 1;
Using InitStrat, compute the first neuron a1, w of at depth;
Compute the amplitude factor v* for this new neuron;
Multiply the neuron with its amplitude factor;
Add it to the architecture; Grow
Evaluate the performances of the network;

end
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Experiemtn (1) : Random vs TINY

starting architecture : 1/64

. TINY
0.204 B - Gaussian
~ Uniform

0.15 1

0 epoch

0.104

At=

Accuracy test

0.05 4

0.00 1

06 08 10
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Figure: Test accuracy as a function of the number of parameters during pure architecture
growth (no gradient steps performed, only neuron addition with a given initialization) from
ResNet; /64 to ResNet;s, averaged over four independent runs.
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